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Abstract 
Albertson, M.O., Turfin theorems with repeated degrees, Discrete Mathematics 100 (1!992) 
235-241. 
The maximum number of edges in a graph with no constant degree clique of a fixed size is 
determined asymptotically. 
rntroduction 
The classic Turan theorem establishes the maximum number of edges in an n 
vertex graph that does not contain a Kq+i [4]. The extremal graphs are well 
known to be the complete q-partite graphs with n vertices and part sizes [n/q1 
and [nlqj . This theorem has spawned an extraordinary number of extensions and 
variations 12-31. This paper focuses on graphs that have no constant degree Z&+i, 
that is, no set of q + 1 mutually adjacent vertices all of the same degree. 
Inspiration came from the following pseudo-Ramsey result. 
Theorem [l]. If G ILY any graph with at least 6 vertices, then either G or G’ 
contains a K3 in which two vertices have the same degree. 
At first glance it might seem that the natural Turan analogue to the above 
theorem should exclude K,,, ‘s with two vertices having the same degree. It turns 
out that except for graphs with a tiny number of vertices, excluding a repeat 
degree triangle is most efficiently accomplished by excluding a repeat degree 
edge. The details are relegated to the end of the paper. 
Fix n = n(G) {e = e(G)} to be the number of vertices {edges} in the graph G. 
The degree of a vertex x in the graph G will be denoted by deg,&) (or deg(x) if 
there is no ambiguity), and the minimum degree will be denoted by 6(G). Let 
s,(n) denote the maximum number of edges in a graph with n vertices and no 
0012-365X/92/$05.00 @ 1992-Elsevier Science Publishers B.V. All rights reserved 
236 M.O. Albertson 
K 9+1 in which all vertices have the same degree. We will determine s&n) 
asymptotically, exhibit the extremal graphs in certain cases, exhibit almost 
extremal graphs in the remaining cases, and investigate how far the almost 
extremal graphs are from being extremal. The case when q = 1 contains all of the 
essentials. 
This work began at the manor house at Hindsgavl, an extraordinary place to do 
mathematics. The author is grateful to Joan Hutchinson for being almost a 
coauthor. 
Excluding repeat degree edges 
We begin with the case q = 1: we want a graph with a lot of edges subject to 
the condition that two vertices with the same degree are not adjacent. An obvious 
place to look is the complete multipartite graphs. The strategy will be to have as 
many parts as possible subject to the condition that the part sizes are all distinct. 
For fixed n pick r so that 
Given II and r as above, set 
r+l 
t= ( > 2 - n. 
Thus 0 6 t < r. Next define 
M, = (1, 2, . . . , r} - {t}. 
Now let T, denote the complete multipartite graph with rz vertices whose part 
sizes are just the elements of the set M,. Within T,, two vertices have the same 
degree if and only if they are not adjacent. Let E, denote the number of edges in 
Tn. For example if rr = 7, then r = 4, t = 3, M7 = { 1, 2, 4}, and s7 = 14. G is 
shown in Fig. 1. 
Fig. 1 
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By construction T, contains ( r : ‘) - t vertices. To compute the number of edges 
in T, we sum the degrees. Since T, is a complete multipartite graph there will be j 
vertices of degree n -i for i = 1, 2, . . . , r and i # t. A standard computation 
reveals: 
25 = c deg(x) = i i(n -i) - t(n - t) 
XCT” j=l 
=n2- n(2r + 1) t(2r + 1 - 3t) 
3- 3. 
Thus we have proved the following. 
Proposition 1. sl(n) a E, = n2/2 - n(2r + 1)/6 - t(2r + 1 - 3t)/6. 
Counting the edges in Tz provides the alternate formula: 
Not surprisingly, the number of edges in T, is of the correct order as seen in the 
next result. 
Theorem2. Zfn(G)=(‘t’)-twithO6ttr, then 
t(r - t) 
q(n) 6 E, + ___ 
2 * 
Proof. If G contains more than i vertices of degree n -i, then some pair must be 
adjacent. Thus, if G contains no repeat degree edge, then 
r-1 
= ,$j(n - j) - t(n - t) + t(n - t) - t(TZ - I+) = 2E, + t(r - t). 0 
Note that E, = O(n2) while the additional term is O(n). 
Corollary 3. Zf n(G) = (‘i ‘) and e(G) > e,, then G must contain a repeat degree 
edge. Alternatively, if n = (‘i ‘), then sl(n) = E,,. 
It is the case that for small values of n, sl(n) = E,. The smallest value of n for 
which we know the preceding equality to be false is n = 12. Here &I2 = 49 while 
Theorem 2 guarantees that ~~(12) <52. That ~~(12) 2 51 is shown by the graph G 
in Fig. 2. The properties of G are more readily seen by looking at G” (also shown 
in Fig. 2) in which every pair of vertices of the same degree must be adjacent. 
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G G’ 
Fig. 2. 
We present the results of our small constructions in Table 1. In each case the 
value of b is that given by Theorem 2. What remains unclear from Table 1 is 
whether si(n) is ever much bigger than E,. While we do not know if the entire 
range suggested by Theorem 2 is possible, we can show that the difference 
between s,(n) and E, can be arbitrarily large. 
Theorem 4. Given m, there exists I such that with n = (‘: ‘) - 1, sl(n) 2 E, + m. 
Proof. We will construct a graph G with few edges such that every pair of 
vertices in G with the same degree is adjacent. Then G” will provide the example 
required by the theorem. Let G be the vertex disjoint union indicated below: 
H consists of one copy of Kr_-2 together with one copy of K,_,. These two cliques 
Table 1 
n % a, b with a es,(n) s b 
10 35 35 
11 41 41,43 
12 49 51,52 
13 59 6q62 
14 71 72,73 
15 85 85 
16 95 95,97 
17 107 109,111 
18 121 124,125 
19 137 138,141 
20 155 156,157 
21 175 175 
22 190 191,193 
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are joined by i independent edges (i to be chosen in a moment). A separate 
vertex, say u, is created and joined to all vertices in both of these cliques that are 
not incident with the edges of the partial matching. An example with r = 7 is 
shown in Fig. 3. The degree of u will be 2r - 3 - 2j. If i = (r - 3)/2 (thus r must 
be odd), then deg(u) = r. Thus H contains a clique of vertices of degree r - 1, 
and the vertex u of degree r. It remains to compare the number of edges. 
By construction 
By definition, since t = 1, 
Therefore, 
Of course this difference in the number of edges holds for the complements as 
well. Thus if n = ( 2m2+4) - 1, then sr(n) 2 E,, + m. Note that here m = O(ni) = 
O((49. 
9>1 
The obvious place to search for extremal graphs is, once again, the complete 
multipartite graphs. The strategy will be to have as many parts as possible subject 
to the condition that no part size occurs more than 4 times. For a fixed n and 4, 
let rq be such that 
U 
Fig. 3. 
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Set 
P4 = and fq =q +pqrq -II. 
The graph T,,, will be a complete multipartite graph with n vertices. For 
1 <j < rq - 1 and j # t,, Tq,” will have q parts with j vertices each. Tq,_ will also 
contain pq parts with rq vertices. If tq # 0, Tq,n will have q - 1 parts with rq 
vertices. A (by now) standard argument shows the following. 
Theorem 5. e(T,,,) = ${C&Ijq(n -j) - (q -p,)r,(n - rq) - tq(n - tq)). 
We now bound the number of edges in G, a graph with n vertices and no 
constant degree Kg +1. If G contains q + 1 vertices of degree n - 1, then these 
vertices must form a clique. Thus G contains at most q vertices of degree IZ - 1. 
More generally suppose G contains jq + 1 vertices of degree n -j: call the 
subgraph induced by these vertices H. Each vertex of H is adjacent to at most 
12 - (jq + 1) of the vertices of G - H. Thus if x is a vertex of H 
deg,(x) 3 (n -j) - (n - (jq + 1)) = j(q - 1) + 1. 
Lemma 6. Zf n(H) = jq + 1 and 6(H) 3 j(q - 1) + 1, then H contains K,,,. 
Proof. The proof is a corollary of the original T&an theorem. The Turan graph 
T (that excludes K,,,) on jq + 1 vertices has j(q - 1) vertices of degree 
[j(q - 1) + l] and j + 1 vertices of degree j(q - 1). Thus H has more edges than T 
and consequently contains K,,,. 
By the preceding lemma we may assume that G contains at most jq vertices of 
degree 12 - j. This is the crucial observation in the proof of the following. 
Theorem 7. s,(n) s e(T,,,) + (q -p,)r,(n - rq)/2 + t,(r, - t,)/2. 
Proof. 
Ze=~~~deg(x)~~~lq(n-j)+(n-q(~))(nr,) 
p,)r,(n - rq) - t,(n - tq) 
+ (4 -p,)r,(n - rq) + t,(n - tq) - t,(n - r,> 
= WT,,,) + (q - p,)r,(n - rq) - (n - rq)tq + t,(n - tq) 
= 24L) + (q - p,>r,(n - rq) + tq(rq - t). 
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Corobry 8. Zfn = q(G: ‘), then sg(n) = e(T,,,). 
Appendix 
We prove that if G is a graph with a repeat degree edge, but no repeat degree 
triangle, then e(G) < E, (provided n is large enough). Suppose x is adjacent to y. 
If deg(x) = deg(y) > n/2, then x and y must have a common neighbor, and thus 
G has a repeat degree triangle. Thus a repeat degree edge must join two vertices 
of degree n/2 or less. If G contains 9 vertices of degree n - 4 with 4 < n/2, then 
either some pair are adjacent or one of these vertices together with x and y forms 
a repeat degree triangle. Thus there are at most q - 1 vertices of degree n - q. 
Consequently 
2e(G) = 2 deg(z) = deg(x) + deg(y) + c deg(z) 
C n + ,sl (j - l)(n -i) + (r - t - 2)(n - r - 1) 
= n - i: (n -j) + i j(n -j) - t(n - t) + t(n - t) + (r - t - 2)(n - r - 1) 
i=l j=l 
r+l 
=n -nr+ ( > 2 - t + t + 2.s, + t(n - t) + (r - t - 2)(n - r - 1) 
= 2~~ + t - t* - (r + l)(r - t - 2) < 2s,, 
provided r is large enough. 
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